We obtain a criterion for the boundedness and compactness of the products of differentiation and composition operators C ϕ D m on the logarithmic Bloch space in terms of the sequence {z n }. An estimate for the essential norm of C ϕ D m is given.
A basic problem concerning concrete operators on various Banach spaces is to relate the operator theoretic properties of the operators to the function theoretic properties of their symbols, which attracted a lot of attention recently, the reader can refer to [-] .
It is a well-known consequence of the Schwarz-Pick lemma that the composition operator is bounded on B. See [-, , -, ] for the study of composition operators and weighted composition operators on the Bloch space. The product-type operators on or into Bloch type spaces have been studied in many papers recently; see [-, , -, , ] for example.
Let X and Y be two Banach spaces. Recall that a linear operator T : X → Y is said to be compact if it takes bounded sets in X to sets in Y which have compact closure. The essential norm of an operator T between X and Y is the distance to the compact operators K , that is, T In [] , Wu and Wulan obtained a characterization for the compactness of the product of differentiation and composition operators acting on the Bloch space as follows:
and only if
The purpose of the paper is to extend Theorem A to the case of LB. We will characterize the boundedness and compactness of C ϕ D m in terms of the sequence {z n }. Moreover, an estimate for the essential norm of C ϕ D m will be given. The main results are given in Sections  and .
In the paper, we say that a real sequence {a n } n∈N is asymptotic to another real sequence of {b n } n∈N and write 'a n ∼ b n ' if and only if lim n→∞ a n b n = .
In addition, we say that A B if there exists a constant C such that A ≤ CB. The symbol A ≈ B means that A B A.
Auxiliary lemmas
In this section, we state and prove some auxiliary results which will be used to prove the main results in this paper.
Then the following statements hold: (ii)
Proof Directly computing we have
It is easy to see that g m,n is continuous on [,) and
Then g m,n is decreasing on [, ). When n = m +, we get max ≤x< H m,n (x) = H m,n (). When n > m + , the intermediate value theorem of continuous function gives the result that there exists a unique x m,n ∈ (, ) such that g m,n (x m,n ) = . So we have
It follows from lim n→∞ x m,n n =  and log
This gives the result (.). The proof of (ii) is complete. http://www.journalofinequalitiesandapplications.com/content/2014/1/453
This and (.) give
By (.) and (.) we obtain
which shows that (iii) hold. The proof is complete.
By Lemma ., we have r m,n < x m,n , where x m,n is given as in Lemma .
Applying the important limit lim n→∞ ( +  n ) n = e we obtain the result that (.) holds.
By Lemma . we have
where x ,n is given in Lemma .. By Lemma . we have
This gives (.). The proof is complete.
Lemma . []
For m ∈ N. Then f ∈ LB if and only if
Moreover,
.
The boundedness of C ϕ D m on LB
In this section, we will state the boundedness criterion for the operator C ϕ D m on LB.
Since the boundedness of C ϕ D m on LB gives ϕ ∈ LB, we may always assume that ϕ ∈ LB.
The main result of this section is stated as follows. 
for any n ∈ N, from which the implication follows. ⇐) We now assume that the condition (.) holds. On the one hand, for the case sup z∈D |ϕ(z)| < , there is an r ∈ (, ) such that |ϕ(z)| < r. By (.), for any given f ∈ LB, we have
The last estimate shows that the operator C ϕ is bounded on LB. http://www.journalofinequalitiesandapplications.com/content/2014/1/453
On the other hand, for the case sup z∈D |ϕ(z)| = . Let N be the smallest positive integer such that D N is not empty, where
and r m,n is given in Lemma .. Note that H m,n (|ϕ(z)|) > , when z ∈ D n , n ≥ N , by (.) we obtain
For any given f ∈ LB, by Lemma . we have
The proof is complete.
The essential norm of C ϕ D m on LB
Denote K r f (z) = f (rz) for r ∈ (, ). Then K r is a compact operator on the space LB. It is easy to see that K r ≤ . We denote by I the identity operator. In order to give the lower and upper estimate for the essential norm of C ϕ D m on LB, we need the following result.
Lemma . There is a sequence {r k }, with  < r k <  tending to , such that the compact operator
Proof (i) follows from (iib) by Cauchy's formula. The proof of (iii) is similar to the proof of Proposition  in []. Hence we omit it. Next we prove (iia) and (iib). The argument is much like that given in the proof of Proposition . of [] or Lemmas  and  in [] . For http://www.journalofinequalitiesandapplications.com/content/2014/1/453 any  < s < , we choose an increasing sequence r k tending to  such that r k ≥  --s k  . For any given z ∈ D and r k , k = , , , . . . , there exists an s k ∈ (r k , ) such that
For any f ∈ LB with f LB ≤ , we have
This shows that (iia) holds. If |z| ≤ s, by the equality (.), we have
The above estimate gives (iib). The proof is complete.
The following lemma can be proved in a standard way; see, for example Proposition . in [] . 
Proof We first give the lower estimate for the essential norm. Without loss of generality, we assume that n ≥ m + . Choose the sequence of function f n (z) = z n / z n LB , n ∈ N. Then f n LB = , and {f n } converges to zero weakly on LB as n → ∞. Thus we have for any given compact operator K on LB. The basic inequality gives
Thus we obtain
So we have
Now we give the upper estimate for the essential norm. For the case of sup z∈D |ϕ(z)| < , there is a number δ ∈ (, ) such that sup z∈D |ϕ(z)| < δ. In this case, the operator C ϕ D m is compact on LB. In fact, choose a bounded sequence {f n } n∈N in LB which converges to zero uniformly on compact subset of D. From Cauchy's integral formula, {f
zero on compact subsets of D as n → ∞. It follows that
Then the operator C ϕ D m is compact on LB by Lemma .. This gives
On the other hand, by Lemma . and (.) we obtain
which implies that
Combining the last inequality with (.), we get the desired result. Next, we assume that sup z∈D |ϕ(z)| = . Let L n be the sequence of operators given in Lemma .. Since L n is compact on LB and C ϕ D m is bounded on LB, then C ϕ D m L n is also http://www.journalofinequalitiesandapplications.com/content/2014/1/453 compact on LB. Hence
where
and
It follows from Lemma .(iib) and Cauchy's integral formula that I  = . For each positive integer n ≥ m + , we define
where r m,n is given in Lemma .. Let k be the smallest positive integer such that D k = . Since sup z∈D |ϕ(z)| = , D n is not empty for every integer n ≥ k and D = ∞ n=k D n , we have
Here N is a positive integer determined as follows. By (.), 
